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1 Introduction
In the present review, the dierentiable manifolds with dierent (not only by
sign) contravariant and covariant aÆne connections and metrics [spaces with
contravariant and covariant aÆne connections and metrics, (L
n
; g)-spaces] are
considered as models of the space-time. On the grounds of the dierential-
geometric structures of the (L
n
; g)-spaces the kinematics of vector elds and the
dynamics of tensor elds has been worked out as useful tools in mathematical
models for description of physical interactions and especially the gravitational
interaction in the modern gravitational physics. The general results found for
dierentiable manifolds with dierent (not only by sign) contravariant and co-
variant aÆne connections and metrics can be specialized for spaces with one
aÆne connection and a metric [the s. c. (L
n
; g)-spaces] as well as for (pseudo)





most results are given either in index-free form or in a co-ordinate, or in a non-
co-ordinate basis. The main objects taken in such type of investigations can be















relative velocity (shear, rotation and expansion velocities),
relative acceleration (shear, rotation and expansion accelerations),
deviation equations,









In this review we consider only the elements of the rst part of the above
scheme related to spaces with contravariant and covariant aÆne connections and
metrics. The review appears as an introduction to the theory of the (L
n
; g)-
spaces. It contains formulas necessary for the development of the mechanics of
tensor elds and for constructing mathematical models of dierent dynamical
systems described by the use of the main objects under consideration. The
general results found for dierentiable manifoldswith dierent (not only by sign)
contravariant and covariant aÆne connections and metrics can be specialized for
spaces with one aÆne connection and a metric [the s. c. (L
n
; g)-spaces] as well





spaces]. The most results are given either in index-free form or in a co-ordinate,
or in a non-co-ordinate basis. This has been done to facilitate the reader in
choosing the right form of the results for his own further considerations. The
main conclusions are summarized in the last section.
The (L
n
; g)-spaces have interesting properties which could be of use in the
theoretical physics and especially in the theoretical gravitational physics. In
these type of spaces the introduction of a contravariant non-symmetric aÆne
connection for contravariant tensor elds and the introduction of a symmetric
(Riemannian, Levi-Civita connection) for covariant tensor elds is possible. On
this grounds we can consider at spaces [(M
n
; g)-spaces] with predetermined
torsion for the contravariant vector elds and with torsion-free connection for
the covariant vector elds. In analogous way these type of structures could be
induced in (pseudo) Riemannian spaces [(V
n
; g)-spaces].
1.1 Space-time geometry and dierential geometry
In the last few years new attempts [1] - [3] have been made to revive the ideas
of Weyl [4], [?] for using manifolds with independent aÆne connection and met-
ric (spaces with aÆne connection and metric) as a model of space-time in the
4
theory of gravitation [3]. In such spaces the connection for co-tangent vector
elds (as dual to the tangent vector elds) diers from the connection for the
tangent vector elds only by sign. The last fact is due to the denition of dual
vector bases in dual vector spaces over points of a manifold, which is a trivial
generalization of the denition of dual bases of algebraic dual vector spaces from
the multi-linear algebra [6] - [9]. On the one hand, the hole modern dierential
geometry is built as a rigorous logical structure having as one of its main as-
sumption the canonical denition for dual bases of algebraic dual vector spaces
(with equal dimensions) [10]. On the other hand, the possibility of introducing
a non-canonical denition for dual bases of algebraic dual vector spaces (with
equal dimensions) has been pointed out by many mathematicians [11] who have
not exploited this possibility for further evolution of the dierential-geometric
structures and its applications. The canonical denition of dual bases of dual
spaces is so naturally embedded in the ground of the dierential geometry that
no need has occurred for changing it [12] - [15]. But the last time evolution of the
mathematical models for describing the gravitational interaction on a classical
level shows a tendency to generalizations, using spaces with aÆne connection
and metric, which can also be generalized using the freedom of the dierential-
geometric preconditions. It has been proved that an aÆne connection, which in
a point or over a curve in Riemannian spaces can vanish (a fact leading to the
principle of equivalence in ETG), can also vanish under a special choice of the
basic system in a space with aÆne connection and metric [16] - [18]. The last
fact shows that the equivalence principle in the ETG could be considered only
as a physical interpretation of a corollary of the mathematical apparatus used in
this theory. Therefore, every dierentiable manifold with aÆne connection and
metric can be used as a model for space-time in which the equivalence principle
holds. But if the manifold has two dierent (not only by sign) connections for
tangent and cotangent vector elds, the situation changes and is worth being
investigated.
The basic notions in the dierential geometry related to the notions consid-
ered in this review are dened for the most part in textbook and monographs
on dierential geometry [see for example [19] - [25]].
2 Algebraic dual vector spaces. Contraction op-
erator
The notion of algebraic dual vector space can be introduced in a way [7] in
which the two vector spaces (the considered and its dual vector space) are two
independent (nite) vector spaces with equal dimensions.
Let X and X

be two vector spaces with equal dimensions dim X = dim
X

= n. Let S be an operator (mapping) such that to every pair of elements
u 2 X and p 2 X

sets an element of the eld K (R or C), i.e.




Denition 1 The operator (mapping) S is called contraction operator S if it





) = S(u; p
1
) + S(u; p
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; p) = S(u
1
; p) + S(u
2
; p) , 8u
i
2 X , i = 1; 2 , 8p 2 X

.
(c) S(u; p) = S(u; p) = S(u; p) ,  2 K .









; p) = 0, then the p is the null element in X
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) = 0, ... , S(u; p
n
) = 0,
then u is the null element in X.
























. From the properties (a) -
(c) it follows that




















) 2 K . (3)
In this way the result of the action of the contraction operator S is expressed
in terms of a bilinear form. The property non-degeneracy (d) means the non-
degeneracy of the bilinear form. The result S(u; p) can be dened in dierent
ways by giving arbitrary numbers f
k
i
2 K for which the condition det (f
k
i
) 6= 0 and, at the same time, the conditions (a) - (d) are fullled.
Denition 2 (Mutually) algebraic dual vector spaces. The spaces X and X

are called (mutually) dual spaces if an contraction operator acting on them is
given and they are considered together with this operator [i.e. (X;X

; S) with
dim X = n =dim X

denes the two (mutually) dual spaces X and X

].
The denition for (mutually) algebraic dual spaces allows for a given vector
space X an innite number of vector spaces X

(in dierent ways dual to X) to
be constructed. In order to avoid this non-uniqueness Emov and Rosendorn
[7] introduced the notion equivalence between dual vector spaces [which is an
additional condition to the denition of (mutually) dual spaces].







dimensional vector spaces, dual to X. If a linear isomorphism exists between
them, such that
S(u; p) = S(u; p
0











is the element of X

2
, corresponding to p of X

1







are called equivalent dual to X vector spaces.
Proposition 4 All linear (vector) spaces, dual to a given vector space X, are
equivalent to each other.
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For proving this proposition, it is enough to be shown that if for X and X





2 X one can nd























2 K are preliminary
given numbers [26]. The proof is analogous to the proof given by Emov and





















means that the dual to fe
k
g basic vector eld e
i
is
orthogonal to all basic vectors e
k
for which k 6= i. The contraction operator C
is the corresponding to the canonical approach mapping





The new denition of algebraic dual spaces is as a matter in fact corre-
sponding to that in the common approach. Only the dual basic vector e
i
is not












. It is enough to be
noticed that for an arbitrary element p 2 X

the corresponding linear form




















are the constant components of a given vector p 2 X

.
The last equality can be written also in the form





Remark 1 The generalization of the notion of algebraic dual spaces for the
case of vector elds over a dierentiable manifold is a trivial one. The vector
elds are considered as sections of vector bundles over a manifold. The vector




considered as functions over the manifold.
Remark 2 If the basic vectors in the tangential space T
x
(M ) at a point x
of a manifold M (dim M = n) are the co-ordinate vector elds @
i
and in the
dual vector space (the co-tangent space) T

x
(M ) the basis fdx
k
g is dened as




are the dierentials of the co-ordinates x
k













multiplication of the last equality with f
k
l




















, which is equivalent to












. The new vectors e
l
are not in the general case co-ordinate
dierentials of the co-ordinates x
l
















































in the general case are not





would be again co-ordinate vector elds











Thus, the denition of algebraic dual vector elds over manifolds by means
of the contraction operator S as a generalization of the contraction operator










The contraction operator S can be easily generalized to a multilinear con-
traction operator S.
3 Contravariant and covariant aÆne connections.
Covariant dierential operator
3.1 AÆne connection. Covariant dierential operator
The notion aÆne connection can be dened in dierent ways but in all denitions
a linear mapping is given, which to a given vector of a vector space over a point x
of a manifoldM juxtaposes a corresponding vector from the same vector space
at this point. The corresponding vector is identied as vector of the vector
space over another point of the manifoldM . The way of identication is called
transport from one point to another point of the manifold.
Vector and tensor elds over a dierentiable manifold are provided with the
structure of a linear (vector) space by dening the corresponding operations at
every point of the manifold.
Denition 5 AÆne connection over a dierentiable manifold M . Let V (M )
(dim M = n) be the set of all (smooth) vector elds over the manifold M . The
mapping r : V (M )V (M )! V (M ), by means of r(u;w)! r
u
w, u;w 2
V (M ), with r
u
as a covariant dierential operator along the vector eld u (s.
the denition below), is called aÆne connection over the manifold M .
Denition 6 A covariant dierential operator (along the vector eld u). The
linear dierential operator (mapping) r
u
with the following properties
(a) r
u




w , u; v; w 2 V (M ),
(b) r
u
(f:v) = (uf):v + f:r
u
v , f 2 C
r















f = uf , f 2 C
r




 w) = r
u
v 
 w + v 
 r
u
w (Leibniz rule), 
 is the sign for the
tensor product,
is called covariant dierential operator along the vector eld u.
The result of the action of the covariant dierential operator r
u
v is often
called covariant derivative of the vector eld v along the vector eld u.








g denes the components r


















g have the transformation properties of a linear dierential geometric
object [19], [27].
Denition 7 Space with aÆne connection. Dierentiable manifold M , pro-
vided with aÆne connection r, i.e. the pair (M;r), is called space with aÆne
connection.
3.2 Contravariant and covariant aÆne connections
The action of the covariant dierential operator on a contravariant (tangential)
co-ordinate basic vector eld @
i
over M along another contravariant co-ordinate
basic vector eld @
j
















For a non-coordinate contravariant basis e

















Denition 8 Contravariant aÆne connection. The aÆne connection r =  
induced by the action of the covariant dierential operator on contravariant
vector elds is called contravariant aÆne connection.
The action of the covariant dierential operator on a covariant (dual to






(M ) , T
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along a contravariant basic (non-co-ordinate) vector eld e

is determined by




























Denition 9 Covariant aÆne connection. The aÆne connection r =P in-
duced by the action of the covariant dierential operator on covariant vector
elds is called covariant aÆne connection.
Denition 10 Space with contravariant and covariant aÆne connections (L
n
-
space). The dierentiable manifold provided with contravariant aÆne connec-
tion   and covariant aÆne connection P is called space with contravariant and
covariant aÆne connections.
9
The connection between the two connections   and P is based on the connec-
tion between the two dual spaces T (M ) and T

(M ), which on its side is based
on the existence of the contraction operator S. Usually commutation relations
are required between the contraction operator and the covariant dierential op-





Æ S . (13)
If the last operator equality in the form r
@
k
ÆS = S Ær
@
k
is used for acting




































(in a co-ordinate basis).
(14)











) are given as functions of co-ordinates in M , then






The solutions of these equations determine the action of the contraction operator
S on the basic vector elds for given components of both connections. The

















are the components of the contravariant curvature tensor, con-




components of the covariant curvature tensor, constructed by means of the co-

















































determine the connection between the components of the
contravariant aÆne connection   and the components of the covariant aÆne
connection P on the grounds of the predetermined action of the contraction
operator S on basic vector elds.






, then the conditions for f
i
j
are fullled for every








This fact can be formulated as the following proposition







Corollary 12 If P 6=   , then S 6= C, i.e. if the covariant aÆne connection P
has to be dierent from the contravariant aÆne connection   not only by sign,
then the contraction operator S has to be dierent from the canonical contraction
operator C (if S commutes with the covariant dierential operator).
The corollary allows the introduction of dierent (not only by sign) con-
travariant and covariant connections by using contraction operator S, dierent
from the canonical contraction operator C.
10








, where ' 2 C
r













3.3 Covariant derivatives of contravariant tensor elds
The action of a covariant dierential operator along a contravariant vector eld
u is called transport along a contravariant vector eld u (or transport along u).
The result of the action of the covariant dierential operator on a tensor
eld is called covariant derivative of this tensor eld.
The result r
u
V of the action of r
u
on a contravariant tensor eld V is
called covariant derivative of a contravariant tensor eld V along a contravari-
ant vector eld u (or covariant derivative of V along u).
The action of the covariant dierential operator on contravariant tensor elds
with rank > 1 can be determined in a trivial manner on the grounds of the
























































































































































































































































































































, k = 1; :::::::::::::::::; l .
(21)
The covariant derivative along a contravariant vector eld u of a contravari-









































is called rst covariant derivative of the components V
A
of the contravariant





































































is the second covariant derivative of the components V
A
of the contravariant



































3.4 Covariant derivatives of covariant tensor elds
In analogous way the covariant derivative of a covariant vector eld can be




















, p 2 T

(M ) ,
(in a co-ordinate basis).
(27)
The action of the covariant dierential operator on covariant tensor elds
with rank > 1 is generalized in a trivial manner on the grounds of the Leibniz









































































(in a co-ordinate basis).
(29)
The form of the covariant derivative of a mixed tensor eld follows from the
















































(in a co-ordinate basis).
(30)
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then the components of the contravariant and the covariant aÆne connection





























4 Lie dierential operator
The Lie dierential operator $

along the contravariant vector eld  appears
as an other operator, which can be constructed by means of a contravariant
vector eld. Its denition can be considered as a generalization of the notion
Lie derivative of tensor elds [28], [19], [11], [29].
Denition 14 $

:= Lie dierential operator along the contravariant vector
eld  with the following properties:
(a) $

: V ! V = $







: W !W = $







: K ! K = $




































































(M ) , i = 1; 2.







, ;  2 F (R or C); ; u 2 T (M ) .




 U ) = $

S 
 U + S 
 $










(g) Action on function f 2 C
r
(M ) , r  1 ,
$

f = f ,  2 T (M ) .
(h) Action on contravariant vector eld,
$
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] = 0 .










































The action of the Lie dierential operator on a covariant basic vector eld is
determined by its action on a contravariant basic vector eld and the commuta-
tion relations between the Lie dierential operator and the contraction operator
S.
4.1 Lie derivatives of contravariant tensor elds
The Lie dierential operator $

along a contravariant vector eld  appears as
an other operator which can be constructed by means of a contravariant vector






The action of the Lie dierential operator along a contravariant vector eld
 is called dragging-along the contravariant vector eld  (or dragging-along ).
The result of the action ($

V ) of the Lie dierential operator $

on V is
called Lie derivative of the contravariant tensor eld V along a contravariant
vector eld  (or Lie derivative of V along ).





































(M ) , r  2 .




























































]]  0 . (34)
The Lie derivative of a contravariant vector eld
$
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is called Lie derivative of the components u
i
of a vector eld u along a con-
travariant vector eld  (or Lie derivative of the components u
i
along ) in a
co-ordinate basis.
In a non-co-ordinate basis the Lie derivative can be written in an analogous
way as in a co-ordinate basis
$























































is called Lie derivative of the components u

of the contravariant vector eld u
along a contravariant vector eld  in a non-co-ordinate basis (or Lie derivative







































































































































Lie derivative of the components v

along u and  in a non-co-ordinate basis.
The action of the Lie dierential operator on a contravariant tensor eld
with rank k > 1 can be generalized on the basis of the validity of the Leibniz
rule under the action of this operator on the bases of the tensor elds.
The result of the action of the operator $























































































is the Lie derivative of the com-
ponents V
A
of a contravariant tensor eld V along a contravariant vector eld
 in a co-ordinate basis (or Lie derivative of the components V
A
































































is called second Lie deriva-
tive of the components V
A
along u and  in a co-ordinate basis.
























































































































































































































































































































is called Lie derivative of the components V
A
of a contravariant tensor



























































































, is the multi-contraction symbol with
rank N .
4.2 Connections between the covariant and the Lie dier-
entiations
The action of the covariant dierential operator and the action of the Lie dier-
ential operator on functions are identied with the action of the contravariant
vector eld in the construction of both operators. The contravariant vector eld
acts as a dierential operator on functions over a dierentiable manifoldM
r











f , f 2 C
r
(M ) ,  2 T (M ) .
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If we compare the Lie derivative with the covariant derivative of a contravari-





























































































































































































   T (; u) ,
(57)
with



















The contravariant vector eld T (; u) is called (contravariant) torsion vector
eld (or torsion vector eld).









































































































































































































































In a co-ordinate basis the contravariant torsion vector will have the form









































The Lie derivative $
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The connection between the covariant derivative and the Lie derivative of a
contravariant tensor eld can be found in an analogous way as in the case of a
contravariant vector eld.
4.3 Lie derivative of covariant basic vector elds
4.3.1 Lie derivative of covariant co-ordinate basic vector elds
The commutation relations between the Lie dierential operator $

and the
contraction operator S in the case of basic co-ordinate vector elds can be




















































































































































































On the other hand, from the commutation relations between S and the
covariant dierential operator r





and the components of the contravariant and covariant connections   and




























































































































































then the Lie derivatives of covariant co-ordinate basic vector elds dx
i
along the
contravariant vector elds  and @
k
































4.3.2 Lie derivative of covariant non-co-ordinate basic vector elds
Analogous to the case of covariant co-ordinate basic vector elds the Lie deriva-













































































































































4.4 Lie derivatives of covariant tensor elds
The action of the Lie dierential operator on covariant vector and tensor elds
is determined by its action on covariant basic vector elds and on the functions
over M .
In a co-ordinate basis the Lie derivative of a covariant vector eld p along a





























































































, (in a co-ordinate basis).
(79)
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In a non-co-ordinate basis the Lie derivative $







































































































, (in a non-co-ordinate basis).
(81)
The action of the Lie dierential operator on covariant tensor elds is deter-
mined by its action on basic tensor elds.



























































































































































































































































The second Lie derivative of the componentsW
A
of the covariant tensor eld








































In a non-co-ordinate basis $

































































































































The second Lie derivative of W
A















































The Lie derivatives of covariant basic tensor elds can be given in terms of
the covariant derivatives of the components of the contravariant vector eld 


























































































The generalization of the Lie derivatives for mixed tensor elds is analogous
to that for covariant derivatives of mixed tensor elds.
4.5 Classication of linear transports with respect to the
connections between contravariant and covariant aÆne
connections
By means of the Lie derivatives of covariant basis vector elds, a classication













) of the covariant
aÆne connection P . On this basis, linear transports (induced by the covariant
dierential operator or by connections) and draggings-along (induced by the Lie
dierential operator) can be considered as connected with each other through
commutation relations of both operators with the contraction operator.
21
































































































































Transport with invariant dragging-along
Table 1. Relations between transport conditions and types of
draging-along
The classication of the relations between the aÆne connections is analogous
to the classication proposed by Schouten [27] and considered by Schmutzer [30].
5 Curvature operator. Bianchi identities
5.1 Curvature operator
One of the well known operator constructed by means of the covariant and the
Lie dierential operators which has been used in the dierential geometry of
dierentiable manifolds is the curvature operator.
Denition 15 Curvature operator. The operator


















, ; u 2 T (M ) , (93)
is called curvature operator (or operator of the curvature).
1. Action of the curvature operator on a function of a class C
r
(M ), r  2,
over a manifoldM
[R(; u)]f = 0 , f 2 C
r
(M ), r  2 .
2. [R(; u)]fv = f:[R(; u)]v, f 2 C
r
(M ), r  2, v 2 T (M ).
3. Action of the curvature operator on a contravariant vector eld








































































































are called components of the (contravariant) curvature tensor (Riemannian ten-
sor) in a co-ordinate basis.
4. Action of the curvature operator on contravariant tensor elds.








, V 2 
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[R(; u)](f:V ) = f:[R(; u)]V , (97)

















































































On the other side, it follows from the explicit construction of [R(; u)]V




























































5. The action of the curvature operator on covariant vector elds is deter-
mined by its structure and by the action of the covariant dierential operator
on covariant tensor eld.
In a co-ordinate basis














































































are called components of the covariant curvature tensor in a co-ordinate basis.




















In a non-co-ordinate basis:


































































are called components of the covariant curvature tensor
in a non-co-ordinate basis.











(M ) we have the







































If we write down the cycle of the action of the curvature operator on contravari-
ant vector elds, i. e. if we write
< [R(; u)]v >= [R(; u)]v + [R(v; )]u+ [R(u; v)] , (112)
and put the explicit form of every term in the cycle, then by the use of the covari-
ant and the Lie dierential operator, after some (not so diÆcult) calculations,
we can nd identities of the type written in the form
[R(; u)]v+ [R(v; )]u+ [R(u; v)] 
 T (T (; u); v) + T (T (v; ); u) + T (T (u; v); )+
+ (r

T )(u; v) + (r
v
T )(; u) + (r
u
T )(v; ) ,
(113)
or in the form
< [R(; u)]v >< T (T (; u); v) > + < (r

T )(u; v) > . (114)
The identities are called Bianchi identities of rst type (or of the type 1.),
where
< T (T (; u); v) > T (T (; u); v) + T (T (v; ); u) + T (T (u; v); ) ,
< (r

T )(u; v) > (r

T )(u; v) + (r
v
T )(; u) + (r
u
T )(v; ) ,
r

[T (u; v)] = (r

T )(u; v) + T (r

u; v) + T (u;r

v) .
By the use of the curvature operator and the covariant dierential operator
a new operator (r
w
R)(; u) can be constructed in the form
(r
w










; R(; u)] = r
w
ÆR(; u)  R(; u) Ær
w
, w; ; u 2 T (M ) .
(r
w
R)(; u) has the structure
(r
w





















































































R)(; u) > (r
w
R)(; u) + (r
u
R)(w; ) + (r

R)(u;w) ,
< R(w; T (; u)) > R(w; T (; u)) +R(u; T (w; )) +R(; T (u;w)) .
The Bianchi identity of type 2. can be written in a co-ordinate or in a non-





























































; R(; u)] = r
w
ÆR(; u) R(; u) Æ r
w
the following commutation identity is valid:
< [r
w
; R(; u)] >   < R(w;$





; R(; u)] > [r
w
; R(; u)] + [r
u













The curvature operator and the Bianchi identities have been applied in dif-
ferentiable manifolds with one aÆne connection. They can also nd applications
in considerations concerning the characteristics of dierentiable manifolds with
aÆne connections and metrics. The structure of the curvature operator induces
a construction of an other operator called deviation operator.
6 Deviation operator
By means of the structure of the curvature operator,





















; R(; u)] [w; ; u 2 T (M )] can be presented in the form
[r
w
; R(; u)] = [r
w

































The operator $ (; u) appears as a new operator, constructed by means of
the Lie dierential operator and the covariant dierential operator [31] - [34].
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Denition 16 The operator $ (; u) is called deviation operator. Its proper-
ties contain the relations:
1. Action of the deviation operator on a function f : [$ (; u)]f = 0 , f 2
C
r
(M ), r  2.
2. Action of the deviation operator on a contravariant vector eld:
[$ (; u)](fv) = f [$ (; u)]v , ; u; v 2 T (M ),

























The connections between the action of the deviation operator and that of
the curvature operator on a contravariant vector eld can be given in the form













[T (; v)] .
(125)




























































is called Lie derivative of contravariant aÆne connection along the






































the expression for [$ (; u)]v can be presented in the
form















































 of the contravariant































[T (; v)] .
(129)
For v = u the last identity is called generalized deviation identity [31].







-spaces), where deviation equations
are considered with respect to their structure and solutions [35] - [39], and as
a theoretical ground for gravitational wave detectors in (pseudo) Riemannian
spaces without torsion (V
n
-spaces) [40] - [46]. Deviation equations of Synge and
Schild and its generalization for (L
n
; g)-spaces are considered in [26].
2. Action of the deviation operator on contravariant tensor eld



























































































3. The deviation operator obeys identity analogous to the 1. type Bianchi
identity for the curvature operator








)vi + hT (T (; u); v)i 
 hT (u;r

v)i , ; u; v 2 T (M ) ,
(132)
where





































v)i = T (u;r

v) + T (v;r
u






























































































The commutator of the covariant dierential operator and the deviation
operator obeys the following identity
h[r
w












;$ (; u)]i = [r
w
;$ (; u)] + [r
u





































; u; w 2 T (M ).
4. The action of the deviation operator on covariant vector elds is deter-
mined by its structure and especially by the Lie dierential operator.

























































































































































































is called Lie derivative of the components P


of the covariant aÆne
connection P in a non-co-ordinate basis.





















































The Lie derivative of the components of the covariant aÆne connection P
could be used in considerations related to deviation equations for covariant
vector elds.









ponents of a covariant aÆne connection P in a given (here co-ordinate) basis in
a (L
n




















































are components (in the same basis) of a new contravariant aÆne connection  
and a new covariant aÆne connection P respectively.
  and P correspond to a new [extended with respect to r
u





















































with the same properties as the covariant dierential operator r
u
.
If we choose the tensors A and B with certain predened properties, then
we can nd   and P with predetermined characteristics. For instance, we can




g = 0, 8u 2 T (M ), g 2 

2
(M ), although r
u
g 6= 0 for the














contraction operator S. From
r
u





























































































































































































































































appears as a mixed tensor eld of second rank but acting on tensor elds




is dened as covariant dier-




Denition 17 Extended to r
u




























: v ! A
u











































 w) = A
u
v 
w + v 
 A
u











Æ S = S Æ A
u
(commutation relation with the contraction operator
S).
All properties of A
u







dened covariant dierential operators. In fact, A
u















can be constructed in
an unique way.
On the grounds of the above considerations we can formulate the following
proposition:
Proposition 18 To every covariant dierential operator r
u







(M ) acting as a covariant dierential operator on tensor eld in
a (L
n



















has to be linear to u.
On the other side, A
u
as a mixed tensor eld of second rank can be represented
by the use of the existing in (L
n
; g)-space contravariant and covariant metrics g






is a covariant tensor eld
of second rank constructed by the use of a tensor eld C and a contravariant
vector eld u in such a way that A
u
is linear to u. There are at least three
possibilities for construction of a covariant tensor eld of second rank A
u
in
such a way that A
u
is linear to u, i. e. A
u

































(M ), u 2 T (M ).
2. A
u






















u 2 T (M ).
3. A
u
= C(u) = A(u) + r
u













































(M ), u 2 T (M ).









tional conditions determining the structure of the mixed tensor eld A
u
(acting





leading to determined properties of A
u
and vice versa: one can
impose conditions on the tensor eld A
u





Every extended covariant dierential operator as well as every covariant
dierential operator have their special type of transports of covariant vector
elds.
8 Metrics
The notion contraction operator has been introduced, acting on two vectors
belonging to two dierent vector spaces with equal dimensions in a point of a
dierentiable manifold M and juxtaposing to them a function over M . If a
contraction operator is acting on two vectors belonging to one and the same
vector space, then this operator is connected with the notion metric.
Denition 19 Metric. Contraction operator S acting on two vectors of one
and the same vector space and mapping them to an element of the eld F (R
or C).
Denition 20 Metric over a dierentiable manifold M . Contraction operator
S, acting on two vector elds which vectors in every given point x 2 M belong












Denition 21 Covariant metric. Contraction operator S, acting on two con-
travariant vector elds over a manifold M , which action is identied with the
action of a covariant symmetric tensor eld of rank two on the two vector elds,
i.e.
S(u; v)  g(u; v) := S(g; q) = S(g; u
 v) = S(g 
 (u
 v)) , q = u
 v. (141)












is called covariant metric tensor eld





(M ) is called covariant metric tensor
(covariant metric) at a point x 2M .
(a) Action of the covariant metric on two contravariant vector elds in a
co-ordinate basis





































































Remark 4 g(u; v) is also called scalar product of the contravariant vector elds
u and v over the manifold M . When v = u, then


































is called the square of the length of the contravariant
vector eld u.
(b) The action of the covariant metric on a contravariant vector eld u can






























































Remark 5 The abbreviation u(g) is equivalent to the abbreviation (u)(g) :=
S(u; g). It should not be considered as the result of the action of the contravari-
ant vector eld u on g. Such action of u on g is (until now) not dened.
The action of the covariant metric g on a contravariant vector eld u con-
sidered in index form (in a given basis) is called lowering indices by means
of g. The result of the action of g on u 2 T (M ) is a covariant vector eld
g(u) 2 T

(M ). On this ground, g can be dened as linear mapping (operator)
which maps every element of T (M ) in a corresponding element of T

(M ), i.e.
g : u! g(u) 2 T

(M ), u 2 T (M ).
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8.1.1 Covariant symmetric aÆne connection
















































The components of the covariant derivative of covariant metric tensor eld


















is the covariant derivative of the components g

of the covariant metric tensor g
















































































































By means of the last expressions P





































In the special case, when the condition g
;
= 0 is required, then the
following proposition can be proved:
Proposition 22 The necessary and suÆcient condition for g
;











The proof follows imediately from (150).
In a co-ordinate basis the covariant derivative of the components g
ij
of g can


































































8.1.2 Action of the Lie dierential operator on the covariant metric
In a co-ordinate basis $













































The following relations are also fullled:
$

[g(u; v)] = [g(u; v)] = ($

g)(u; v) + g($










u) , ; u; v 2 T (M ) .
(158)
The action of the Lie dierential operator is called dragging-along a con-
travariant vector eld. On the basis of draggings-along the metric tensor eld g
notions as arbitrary (non-metric) draggings-along, quasi-projective draggings-
along, conformal motions and motions can be dened and considered in anal-
ogous way as in (L
n
; g)-spaces. Here we will only dene dierent types of
draggings-along.


















 g() + g()
 p] ,  2 T (M ) , p 2 T

(M ) .
3. Conform-invariant draggings-along (conformal motions)
$

g = :g ,  2 C
r
(M ) ,  2 T (M ) .
4. Isometric draggings-along (motions)
$

g = 0 ,  2 T (M ) .
For all types of draggings-along changes of the scalar product of two con-
travariant vector elds and the changes of the length of these elds can be found




8.2 Covariant projective metric
If a covariant metric eld g is given and there exists a contravariant vector
eld u which square of the length g(u; u) = e 6= 0, then a new covariant tensor
eld can be constructed orthogonal to the vector eld u. It possesses properties
analogous to these of the covariant tensor eld g acting on contravariant vector




(M ) subspace T
?u
x




















Denition 23 Covariant projective metric. Covariant metric, orthogonal to
a given non-isotropic (non-null) vector eld u [e = g(u; u) 6= 0], i.e. covariant
metric h
u




) = 0 and constructed by means











 g(u) . (159)
The properties of the covariant projective metric follow from its construction





) = 0, [g(u)](u) = g(u; u) = e.
(b) h
u
(u; u) = 0.
(c) h
u
(u; v) = h
u
(v; u) = 0 , 8v 2 T (M ).
8.3 Contravariant metric
Denition 24 Contravariant metric. Contraction operator S, acting on two
covariant vector elds over a manifold M which action is identied with the
action of a contravariant symmetric tensor eld of rank two on the two vector
elds, i.e.
S(p; q)  g(p; q) := S(g; w) := S(g; p
 q) = S(g 
 (p
 q)) , w = p
 q ,












is called contravariant metric






(M ) is called contravariant
metric tensor in x 2M .
The properties of the contravariant metric are determined by the properties
of the contraction operator and its identication with the contravariant sym-
metric tensor eld of rank 2. On this basis the following properties can be
proved:
(a) Action of the contravariant metric on two covariant vector elds in a
co-ordinate basis






















































[When q = p, then g(p; p) = p
2
=  j p j
2
is called square of the length of
the covariant vector eld p.]
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(b) Action of the contravariant metric g on covariant vector eld












































The action of the contravariant metric g on covariant vector eld p in a
given basis is called raising of indices by means of the contravariant metric.
The result of this action is a contravariant vector eld g(p). On this basis g can
be dened as a linear mapping (operator) which maps an element of T

(M ) in
an element of T (M ):
g : p! g(p) 2 T (M ) , p 2 T

(M ) .
The connection between the contravariant and covariant metric can be de-
termined by the conditions
g[g(u)] = u , u 2 T (M ) , g[g(p)] = p , p 2 T

(M ) . (160)

























= n , dimM = n . (162)
8.3.1 Contravariant symmetric aÆne connection
From the transformation properties of the components of the contravariant aÆne






















has the same transformation properties as the contravariant aÆne connection
itself. This fact can be used as usual for representing the contravariant aÆne





















































































) are called components of the contravariant symmetric aÆne con-
nection in a co-ordinate (respectively in a non-co-ordinate) basis.
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The components of the covariant derivative of the contravariant metric ten-
sor eld g can be represented by means of the contravariant symmetric aÆne








































is the covariant derivative of the components of the contravariant
metric tensor g with respect to the contravariant symmetric aÆne connection  


























and the usual method for
expressing the components of the symmetric aÆne connection the components










































































































g are called Christoel symbols of the rst kind for the contravariant




of the contravariant aÆne connection   can be written













































By using the connections between the components of the covariant metric,
































the components of the contravariant aÆne connection   can be represented in















































































g are called generalized Christoel symbols of the second kind for the
contravariant symmetric aÆne connection in a non-co-ordinate basis.
In analogous way, when a contravariant and covariant metric elds are given,
the covariant aÆne connection can be presented by means of the both types of


















































g are called generalized Christoel symbols of the second kind for the
covariant symmetric aÆne connection in a non-co-ordinate basis.
The same expressions can be obtained also in a co-ordinate basis.
For the special case, when the condition of vanishing of the covariant deriva-
tives of the contravariant metric with respect to the contravariant symmetric
aÆne connection is required, i.e. g

;
= 0, then the components of the


























On the basis of the connection between the covariant derivative of the con-




















8 2 T (M ), 8p 2 T

(M ) ,
one can prove that there is one-to-one correspondence between the transports
of g and g. Every transport of the covariant tensor metric eld g induces a
corresponding transport of the contravariant tensor metric eld g and vice versa.
8.4 Contravariant projective metric
The notion of contravariant projective metric with respect to a non-isotropic













 u , e = g(u; u) 6= 0 , (175)
(b) by inducing from the covariant projective metric using the relations









 u , g(g)g = g , g(g(u) 
 g(u))g = u
 u . (176)
h
u
is called contravariant projective metric with respect to the non-isotropic
contravariant vector eld u.
The properties of the contravariant projective metric are determined by its
structure.
9 Bianchi identities for the covariant curvature
tensor
9.1 Bianchi identity of rst type for the covariant curva-
ture tensor
The existence of contravariant and covariant metrics allow us to consider the













, constructed by the use of the covariant metric g and a contravariant
vector eld v.
The identity
< gf([R(; u)]g)(v)g >< g([R(; u)][g(v)]) >   < [R(; u)]v >
 < g([R(; u)][g(v)]) >   < T (T (; u); v) >   < (r

T )(u; v) > (177)
is called Bianchi identity of rst type (of the type 1.) for the covariant curvature
tensor.

































It is obvious that the form of the Bianchi identity of rst type for the com-
ponents of the covariant curvature tensor is not so simple as the form of the
Bianchi identity for the components of the contravariant curvature tensor.
9.2 Bianchi identity of second type for the covariant cur-
vature tensor
The action of the operator (r
w
R)(; u) can be extended to an action on covari-
ant vector and tensor elds in an analogous way as in the case of contravariant
38
vector and tensor elds. By the use of the relation
r
w









p) , w; ; u 2 T (M ) , p 2 T

(M ) , (180)
we can nd the identity
< (r
w











< R(w; T (; u)) > p = [R(w; T (; u))]p+ [R(u; T (w; ))]p+
+[R(; T (u;w))]p . (182)
The identity (181) is called Bianchi identity of second type (of type 2.) for
the covariant curvature tensor.







































10 Invariant volume element
10.1 Denition and properties
The notion of volume element of a manifoldM can be generalized to the notion
of invariant volume element [14].
















(in a non-co-ordinate basis).




































































































































































The transformation properties of the volume element are corresponding to
these of a tensor density of the weight ! =  
1
2
. Therefore, for the construction
39
of an invariant volume element (keeping its form and independent of the choice
of a full anti-symmetric tensor basis) it is necessary the volume element to be
multiplied with a tensor density with the weight ! =
1
2
and rank 0. Since the
covariant metric tensor eld is connected with the basic characteristics of con-
travariant (and covariant) vector elds and determines along with them notions
(such as length of a contravariant vector, cosine of the angle between two con-
travariant vectors) which in the Euclidean geometry are related to the notion




with a weight ! =
1
2









) appears as a suitable multiplier to a volume element
[50].




































(invariant volume element in a non-co-ordinate basis).














variance of the invariant volume element follows: d!
0

























(in a non-co-ordinate basis). (185)
Remark 6 The sign ( ) in  d! can be omitted because of the identical cong-
uration (order, orientation) of the basic vector elds in the old and in the new
tensor basis.
From the denition of the invariant volume element the relations connected




























= d! . (186)
10.2 Action of the covariant dierential operator on an
invariant volume element
The action of the covariant dierential operator on an invariant volume element
is determined by its action on the elements of the construction of the invariant
volume element (the Levi-Civita symbols, the full anti-symmetric tensor basis,




























































(d!) is called covariant derivative of the invariant volume element d!
along the contravariant vector eld .
10.3 Action of the Lie dierential operator on an invariant
volume element
The action of the Lie dierential operator on an invariant volume element is














































































(d!) is called Lie derivative of the invariant volume element d! along the
contravariant vector eld .
Special case: Metric transports (r

g = 0) : r

(d!) = 0.
Special case: Isometric draggings along (motions) ($





In some cases, when the conservation of the volume is required as an ad-
ditional condition, one can introduce a new covariant dierential operator or
a new Lie dierential operator which do not change the invariant volume ele-






10.4 Covariant dierential operator preserving the invari-
ant volume element
The variation of the invariant volume element d! under the action of the co-





















is a covariant dierential operator preserving the invariant
















are determined by the properties of the covariant dif-
ferential operator and the existence of a covariant metric tensor eld g connected
with its contravariant metric tensor eld g:




(d!) = 0 , (191)




























































g]:f , f 2 C
r
(M ) , r  1 . (194)


























































































































































are called components of the contravariant aÆne connection
!
  pre-






called components of the covariant aÆne connection
!
P preserving the invari-


















respectively with the compo-












P will have the same


















If u is considered as a tangential vector eld to a curve x
i


















































and the parameter  is considered as a function of another parameter  [with
one to one (injective) mapping between  and ], i. e.

























































= 0 , (208)




























































on a contravariant vector eld u (as a tangential vector eld to a given curve) to
be juxtaposed to the action of r

on the corresponding to vector eld u vector
eld v (obtained after changing the parameter of the curve). If the vector eld
v fulls the condition for an auto-parallel transport along , induced by the




v = 0), then the vector eld u will also






























































































g can be presented by means of its trace free part and














































The covariant dierential operator preserving the invariant volume element
does not obey the Leibniz rule when acting on a tensor product Q 
 S of two
































10.5 Trace free covariant dierential operator. Weyl's
transport. Weyl's space
The description of the gravitational interaction and its unication with the other
types of interactions over dierentiable manifolds with aÆne connections and
metric [(L
n
; g)-spaces] induces [1] the introduction of an aÆne connection with










































g] = 0 . (219)





trace free covariant dierential operator.








g = 0 , (220)











then the transport is called Weyl's transport.





is called Weyl's covector eld.
A dierentiable manifoldM (dimM = n) with aÆne connection and metric,
over which for every contravariant vector eld  2 T (M ) the transport of g is
a Weyl transport, is called Weyl's space with torsion (Weyl-Cartan space) Y
n
[1].







































would be identical, if dimM =
n = 2 (Q







of the aÆne connection   can be represented by means




































































































































































































































































































































































































































































































































































10.6 Lie dierential operator preserving the invariant vol-
ume element
The action of the Lie dierential operator $

















:= Lie dierential operator preserving the invariant volume
















are determined by the properties of the Lie dierential
operator and the existence of a covariant metric tensor eld g connected with a
contravariant metric tensor eld g:




(d!) = 0 . (239)


































































































































g]:f , f 2 C
r
(M ) , r  1 . (244)











































































































































































































:f , f 2 C
r
(M ) , r  1 . (255)
The commutator of two Lie dierential operators preserving d! has the
following properties:




























)]f , f 2 C
r
(M ) , r  2 .
(256)
































)gv , ; u; v 2 T (M ) .
(257)


















































]  0 .
(258)
The dierent types of dierential operators acting on the invariant volume
element can be used for description of dierent physical systems and interactions
over a dierentiable manifold with aÆne connections and metric interpreted as
a model of the space-time.
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11 Conclusions
The main conclusions following from the obtained results could be grouped
together in the following statements:
1 A contraction operator S, commuting with the covariant dierential oper-
ator and with the Lie dierential operator, for which the aÆne connection
P determined by the covariant dierential operator for covariant tensor
elds is dierent (not only by sign) from the aÆne connection   deter-
mined by the covariant dierential operator for contravariant tensor elds
can be introduced over every dierentiable manifold. The components (in
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In the cases (b) and (c) the Lie derivatives of covariant tensor elds depend
also on structures determined by the aÆne connections in contrast to the case
(a), where the covariant derivative and the Lie derivative of covariant tensor
elds are independent of each other structures (although the fact that the Lie
derivatives can be expressed by means of the covariant derivatives).
On the grounds of the obtained results the kinematics of vector elds has
been work out [26], [47] - [50]. The Lagrangian theory for tensor elds has been
considered [51] and applied to the Einstein theory of gravitation as a special
case of a Lagrangian theory of tensor elds [52] over V
n
-spaces (n = 4).
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